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AN A COO UNT OF CA UCHY'S "CALCUL DES BESID US." 



BY CHAS. H. KUMMELL, ASSISTANT TT. S. LAKE SURVEY, DETROIT, MICH. 

§1. 

This very curious method for evaluating a great variety of definite inte- 
grals or for establishing relations between more complex and simple ones of 
the same class, is founded on the theorem that, if in a double integral the 
limits of both integrations are independent, the same result is obtained if 
the order of integration is inverted, provided the element function does not 
become infinite for one or more systems of simultaneous values of the vari- 
ables comprised within the limits of integration. 

Thus 

P" dx P» dy f(x, y) = P" dy P" dx f(x, y), (1) 

J «0 J 2/0 * / 2/0 * «0 

is an identical equation if fix, y) does not become infinite for certain values 
x x and y 1 for which 

x n >x 1 >x ; y n >yi >y A 
or x n > x 1 >x ; y n >y 1 =y ,\ 

or x n >x 1 >x ; y„ = y 1 >y , } (2) 

or x n >x 1 = x Q ; y n >y y >y , I 

or x n = x 1 >x Q ; y n >y x > Vo-J 

But suppose f(x 1} 2/ 1 )=ond then the corresponding element d.xdyfix^y-^) 
is of the form 0xc\s and may therefore be zero, a finite quantity or infinity. 
In the first case only, the integration by the regular process is correct, but 
in the second and third case it is not because the element, although finite or 
infinite, is treated as an infinitesimal and therefore neglected in comparison 
with the sum of the remaining elements. To establish identity in equation 
(1) in that case, a correction must be added. This is called by Cauchy the 



—2— 

correction for discontinuity and the process to determine it the "Calcul des 
Residus." 

To illustrate, let us take the double integral 

ax I dy-?- — — -- = — tan tan tan -. — tan -= , 

_ s J -a \x 2 +i/2)2 c c d d > 

fy ) ^JTTw == tan - + tan r "I"** 111 - + tan T> 
-d J -b (x 2 -\-y 2 ) 2 a b a b 

therefore u' — u = 4Xln = 2k. The cause of this is the discontinuous 
element for x = y = 0, and we have 2;r for the correction for discontinuity, 
which is here determined by common integration. 

However, in the application of these principles to the evaluation of def- 
inite integrals these integrations cannot in general be performed and it will 
be shown that the corrections for discontinuity may, nevertheless, be deter- 
mined in many cases. 

§2. 

Let z be some simple function of x and yi, where i = j/ — 1, such as x-\- 
yi; x{a-\-yi); xd*; xe a+yi and others, then if f(z) is such a function that 

we have, if there is no discontinuous element, the identity 

But if /(2j) =■ oo and x x and y x are the corresponding values of x and 
y, then if Ax denotes an increment to x 1 we have the following perfect iden- 
tities for the first case in (2), viz., x„ > x t > x n ; y n > y x >y . 



J *i+A* L«& A -I yo J yo \- d V J *! 

/ si "^r^)]'"=r"*r>>] v 

^ ceo L_«a; _J yo ^ j, Lay -I * 

Adding these we have 



+A* 
-A* 






/:-[>]:;-/:;::>c>)] : 

=/:;*[|^]:;-/:;*[>>]l;!t I <*> 
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At the limit when Ax = we have 

The term 
would likewise vanish were it not for the discontinuous element 

This term is then the correction for discontinuity, and if s 1 is the only 
value that makes f(z) = oo we have the identical equation : 

il:-[^]::=/i:*[|*)]::-/H[>]:: + _::- 

(Ax = 0) (4') 
If there are other discontinuous elements for z 2 , z 3 , . . . z r we must cor- 
rect for each and add the corrections. 

§3. 

Let us assume the simplest form for z, viz., 

z = x+yi. (5) 

With this we have in (4'), since ^ = 1 and — = i, 

aa; ay 

fl*&cU(z+y n i)-f(x+y i)-] = if •dy[y( a r.+yi)-y(*o+yO] 
JLet the equation 

LA')r i =o (7) 

have m roots = z x * so that we may place 

#>-A < 8 > 

Let us denote the correction of discontinuity for the m-tuple root z x —x x 
-\-y-ii by J( | jj" then we have, using the form (8) in (6), 

A, , .,- = « f "" <*v r ^i+^+y*') ^(Xi—Ax+yi) -| 

(*i+»i») J , o *L[4aj+(y-yi)i]- [— ^+(y-»iX]"J 

J y L O+ Cy-yiKT [— ^+(y— yi>T" J' 

*This is not the only supposition that can be made but so far it is the only case to which 
Cauchy's method applies. 



-(m-k+1) 



Developing the numerator of both terms by Taylor's series we have 

-[-zfa ; +( 2/ - 2/l )]-^+i>|] 
and integrating this we obtain 

A m =T r ^"(»i+yi»") [^+(y-y 1 )*]*- m -[-^+(y-y 1 KT ro 

(*i+»i<) fcl l_ (A— 1)! "" A-m 

T". (9) 

J 2/o 
If we put zfc — both terms of the general term of this series are per- 
fectly identical and destroy each other as long as h is not equal to m when 
it becomes indeterminate. The series reduces then to the mth term taken 
between the limits y n and y or 

(*i+«/i») " (m— 1)! Ll A— m 

1 y. 

) k-mA 2/o 

(m— 1)! L — Ac+(y— yi)»-l 



2/o 

2/ 



Place tan ^ = ^ J? 1 then tan (sr — <p) = ^ — ^2- and 

Ay/ V Ax ¥> 

n = to« = tan-i(-~) = -|; 



therefore 



(*i+y i») (m— 1) ! L S «(* - W J -i 

(m— 1)! |_ J— Jt 



^(™-i>( 



^. ^fci-W) . (10 ) 

(m — 1) ! v 

If however y = y x the result is quite different. We have then, repla- 
cing y 1 by y in (9), 
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a n _ f m f f-^i+yoi) [^+(y-j/ 1 >T- m -[-^+(y-^i)tr ro 

(*x+7o*") * =1 L (ft— l)! ' ' " ft— m "~ " 

~l y ". 
J2/0 
Here as before all terms of this series vanish for the upper limit except the 

with. For the lower limit all terms vanish for which ft — m is an even 
number, zero excepted, and the terms for which ft— m is odd and ft< m are 
infinite if Ax = 0. The mth term is, as we shall see, finite ; it must be re- 
tained because it is not necessarily homogeneous with the infinite terms. 
Let m = 2n then 

%i+y 6 i) 2n 2S=1~ dX + (2n-l)! ■ 

L -J»+(y— y >" J yo 

= *&gl±X& *r+*i + f^h^M)[(2 f-^iW if tanp = «o 
2ft — 1 (2ft— 1)! |_ Jo r Ax 

_ 2<p(x 1 +y 1 i) ^ . ^-"(s, +y i) 

~ 2ft— 1 + (2ri— 1)1 * v lu i> 

Also if m = 2ft -}- 1 we have, since the first term vanishes for the lower 
limit, 

A ( . .,» +1= ^^wV W1+ f!(!ii|o!) 
(xi+yo*) 2ft— 1 2n! 

L -4c+(y— y )» J M 

= 2jg / (g 1 +y *) go8 >-i +T ^ (2n) (gi+ypj) ao , n 

2ft — 1 ! 2ft! * ^ 2 ' 

If n = the correction is 

The form which is given to the first term of (10' x ) and (10' 2 ) I have pre- 
ferred to simply writing 00, since it shows at least for (10' 2 ) that this term 
may yet be zero, viz., if <p'(x 1 +y i) = 0, which is the case if <p{z) = const. 
This term is however omitted by Bierens de Haan in his large work on de- 
finite integrals : Expose e de la theorie des propriete'es, des formules de 
transformation et des methodes d' evaluation des integrales definies, pages 
45, 46 and page 666. At the proper place I shall give a test case which 
proves the necessity of this term. 

In a similar manner the corrections for discontinuity for the remaining 
cases of (2) are found. I shall set them down without analysis: 
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( Xl + yn ») 2n _ 1 -r (2n— 1)! v i; 

X , ., 2 „ +1 = _2^ 1 +yJ) e>o2 n- 1 ^^ K-fyii) (10%) 
(xi+y„i) 2n— 1 2n! v 2J 

To determine the correction if iCj = # or o^ = x n we have to divide the 

limits of the v-integration into two parts viz., I * and I 

9 Jyi+Ay Jyo 

We shall then find 

(xo+yi*) 2n— 1 ^ (2n— 1)! ' l lJ 

(xo+yi») 2n— 1 ^ 2n! ' ^ 2 ' 

4 X0+yi< =^(^o+2/i^ (ioy) 

(x»+yi») 2w— 1 (2m— 1)! ' K x ' 

(x„+ yi i) 2w— 1 2n! ' v 2 ; 

J . = mjft(as»+y 1 t). (10'<!") 

Xn -nyi^ 

If ic t = a; and at the same time y x = 3/ or y x = ?/„; again if a^ = x n 

and at the same time y x =y§ or ^ = y n equation (3') is correct because in 

both members the discontinuous elements are included and not lost. These 

integrals, though they may be finite or infinite, are identical and need no 

correction.* We have then 

A = A = A — A =0. (10 v ) 

(x +yo*) m (xo+y»*) m (x n +yoi) m (x„+y„i)™ v ; 

§4. 

We are now prepared to make some applications. There are ten special 
assumptions made originally by Cauchy for the limits x n , x 0) y n) y (Bier- 
ens de Haan, pages 667, 668). Of these the most useful (so considered by 
Cauchy himself) is that for which x n = oo ; x — — c-o • y n = in • y = 0. 
We have then in (6), denoting the sum of all the necessary corrections, as 
the formulas (10) give them for each special case, simply, by A 

*Bierens de Haan gives in this case ± m for the correction of discontinuity. Price in his 
Infinitesimal Calculus Vol. II, does not explicitly treat of this case. (See p. 129 at bottom.) 
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dx[f(x+uii)-f(ce+0.i)-]=i ) dylf(w+yi)-f(-w+yi)-]-J. 

-to •* 

If now/(2) is such that 

/(z+cm) =f(jn+yi) =f(-w+yi) =0* (11) 

then we have 

f M (&/(») =-- A. (12) 

"We have 

/to /"en /•() 

&/(*)=( cfeflaO + J <&/(*) 
—CO ^ ^ —03 

^[/(^/(-z)]^. (13) 

o 
Also 

rdxU(x)+f(-x)^Cdztf(xHf(-x)l+Cdx[f(z)+f(-x)-] 

J ^ 1 ^ 

=j;*[X»)+A-)+^{/(i)+/(-i)}] 

=J. (14) 

1 x ' 

Or place in (13) x = — then we have, omitting primes, 

Or place in (12) and (13) a; = tan <p, then 

AcoV (tanf)=J - < i6 > 

P^ ^ (tan ^H/M^)]^- (17) 

•^ q COS ^> 

These and a variety of other forms have the identical correction for dis- 
continuity. 



(a+x) 



dx. 



We have here /(s)= fa+lfi and if li^p A= ?(*+ gC > p 

condition (11) is satisfied. If ^>(z) does not become infinite for any value z x 
= x x +3/] * within the limits of the a> and ^/-integrations we have an m-tu- 
ple discontinuity for e t = — a-\-0.i, since it makes 

?(») "I 

(a+2) ro J s =- 

*These conditions can hardly be called restrictions ; they are nothing else than essential 
though not sufficient conditions for the convergence of the series which the integral repre- 
sents. At least without these no finite value of the integral is possible. 



CO. 
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We have then x x = — a and y x = 0, therefore, since 
cc > — a > — xn • w > = 0, 
we have to use formulas (10'j), (10' 2 ), (10' 3 ) according as m = 2n, 2n+l or 
= 1. We have then 

r m dx _ 2y(-a) _, ^»-D(- q) 
J-«(a+*) 2n - an-1 M +OT (2n-l)r» K) 

J_ oa (a+a0 2 " +1 2n _l m +m ^n~r-> (C " 2) 

P J?Md c = OT f (-a). ( a ) 

1. Let <p(z) = e mzi . This becomes = co for 2=0 — cci. Now although 
the value for x is included within the x- integration, the value — xn for y 
is not; there is consequently no correction for this value of z. Now since 

e K+or-m+yi)i ^ _ ^[COS <j ftf + qa) }--|-^sin-{ 5( ±03) [> ] _ „ 

(a±w+yif > ~ (a+w-\-yi) m ~ ' 

e 6(x+<«i)i ^ e - Jm (cos 6a;+i sin bx) _ „ 

(o+K+OTtf* {a+x-\- wif 

condition (11) is satisfied and we can safely use formulas («j), (a 2 ) and (a 3 ). 
We have then, since f {m - x \—a) = (hi)™- 1 e~ ttU , 






(a+a;) 2 " 2w— 1 (2n— 1)! 



2e- 



-abi 



(Omitting here the second term being finite and homogeneous with the first, 
which is infinite.) 

(- e^cfe _2bie-<* i 2n _ x 
J _ m (a+a^+i 2n— 1 " ^ 2 ' 



****' da; 






(6 3 ) 



t+a; 
Separating the real from the imaginary in (b 3 ) we have 

/ m cos 6a; , , ,,, x 

j — — <fo = ;rcosa&. (63) 

Placing b =■ in (6 J, (6 2 ), (6' 3 ) and a = in (63) we have 



J 00 sinbx , r m sin 6a; t ,,,„> 

We can verify (&"'), (6^") and (6' 3 ") by common integration. We have 

f* dx _ i r i l _~| 

As long as p > q > — a this integration is correct. But if p > — a > # 
we have 

p dx __ Cp dx , f-q-Ax cfo 

J (a+a;Y" J - tt+A x (a+a;r + ^ „ 



= i_ r i i_ + i i "I 

m— 1 L(,« + p) m_1 (A)"- 1 (— //a;)" 1 - 1 (a + q) m ^ 1 J ' 
If m = 2w we have 

p (fa _ 2 1 _ 1 r 1 1 "I _ 

J q {a+x) 2n 2n— l'Jx^-i 2n— 1 L(a+P) 2 " -1 (a+g) 2 " -1 J ^ 

and S , — - — — - = — ^.-r-s — r = m I"the same as (b'!')~\. 

J _ m (a+a;) 2 " 2n — 1 //a; 2 "- 1 L v WJ 

If m = 2w+l we have 

p cfa __ir 1 _1 ~| , 

^^^ = [the same as (^ 
Finally if m = 1 

C J^L = r ja+P) 1 ^— (^x) 1 - m +(— Ax) 1 "™— (a+q) 1 ~ Jm ~\ 
J q a-\-x l_ 1 — m J to=i 

= log (^?-iri) = log (45%) ; ™»w*^7 
fl £i = log (^) ~ log * = ° [the same as ™- 

As stated above, Bierens de Haan omitted the infinite term in formulae 
(10' x ), (10' 2 ). We should then have found according to his formula 

J _ m (a+a;) 2 '' ' 
which is absurd for the reason that this integral represents a series of essen- 
tially positive terms, the sum of which cannot be zero. 

{To be continued.) 



